ABSTRACT: The Fractional Quantum Hall states with non-Abelian statistics are studied. Those states are shown to be characterized by non-Abelian topological orders and are identified with some of the Jain's states. The gapless edge states are found to be described by non-Abelian Kac-Moody algebras. It is argued that the topological orders and the associated properties are robust against any kinds of small perturbations.
It becomes more and more clear that the ground states of strongly interacting electron systems may contain very rich structures 1, 2, 3, 4, 5, 6 which cannot be characterized by broken symmetries and are called the topological orders. 2 Physical characterizations of the topological orders are discussed in Ref. 2, 6 . It is shown that the Fractional Quantum Hall (FQH) states, the chiral spin states and anyon superfluid states contain non-trivial topological orders characterized by the Abelian Chern-Simons (CS) theories. 2, 3, 5, 7 It is interesting to know whether the non-Abelian (NA) topological orders characterized by the NA CS theories 8 can be realized in strongly interacting electron systems or not. In this paper we will construct some FQH states which contain NA topological orders. The effective theory of these states is shown be NA CS theory and the quasiparticles carry NA statistics 8 We will also discuss how to understand the NA statistics in terms of the electron wave function.
Different electron wave functions with filling fraction 1/2n have been constructed in Ref. 4 . The quasiparticles in these states were shown to have NA statistics, provided that these states are incompressible and the quasiparticles have finite size for a local Hamiltonian.
The spirit of our discussion is very similar to that in the mean field approach of the spin liquid states. 9, 10 The similar construction is also used to study the SU (N ) spin chains. 11 Consider a two dimensional spinless (i.e., spin polarized) electron system in strong magnetic field with filling fraction ν = M/N . For convenience we will put the electron system on a lattice, thus the electron Hamiltonian has a form
where A ij is the electromagnetic gauge potential on the lattice and n i = c † i c i . To construct a FQH state with a NA topological order, we would like to break each electron into N partons 12 ψ a each carrying electric charge e/N :
where ψ a are fermionic fields and N is odd. After substituting (2) into (1) and making a mean field approximation we reach the following mean field Hamiltonian
where Notice that the mean field theory (3) contains a lot of unphysical degrees of freedom arisen from the breaking of the electrons into partons. In order to use the mean field theory to describe the original electron system we need to project into the physical Hilbert space which satisfies the constraint 
The two-body potential in the Hamiltonian has a form V (r) ∝ ∂ 2N −2 δ(r). One can easily see that the Hamiltonian is positive definite, and the NAF state has zero energy because the electrons in the ground state all lie in the first N M − N + 1 Landau levels and the ground state wave function has N -th order zeros as z i → z j . However it is not clear whether the state has the highest filling fraction among the zero energy states (this is related to the incompressibility). We can only show that among the Jain's states 12 the NAF state is the zero energy state with highest filling fraction. We do not know whether it is sufficient to only consider the Jain's states. It would be interesting to numerically test the incompressibility of the NAF state for the above Hamiltonian. Numerical calculations has only been done for the projection into first two Landau levels. 14 In this case one indeed find the Jain's 2/5 state to be the exact incompressible ground state.
The projection, or the constraint (5), can be realized by including a gauge field. Notice that under local SU (N ) transformations ψ ai → W i,ab ψ bi , W i ∈ SU (N ), the electron operator c i in (2) is invariant. Thus the Hamiltonian contain a local SU (N ) symmetry after we substitute (2) into (1). The local SU (N ) symmetry manifest itself as a gauge symmetry in the mean field Hamiltonian (3). Notice that (3) (5) is equivalent to the following constraint 10 J
where J I µ are the SU (N ) charge and the current density. The constraint (6) can be enforced in the mean field theory by integrating out the gauge field fluctuation a µ . 10 After the projection, the only surviving states are those which are invariant under the local SU (N ) transformations. Those states correspond to the physical electron states.
The effective theory of the NAF state described above can be obtained by first integrating out ψ a field:
which is just the level M SU (N ) CS theory. 8 f µν in (7) is the strength of the SU (N ) gauge field. The quasiparticle excitations in the NAF state correspond to the holes in various Landau levels of the partons. Those excitations are created by the parton fields ψ a . After including the gauge fields, the properties of the quasiparticles are described by the following effective Lagrangian (7) and (8) describe the low energy properties of the NAF state.
The NA CS theory given by (7) and (8) When m = 1 and m = 0, there is no invariant state and the dimension of H 10 is zero. When m = m = 1 there is only one invariant state. It is shown that such a state is always physical and H 11 is one dimensional. In this case moving one particle around the other induces a Berry's phase exp(
). When m = m = 2, Inv((H R ) 2 × (HR) 2 ) is two dimensional. It turns out that H 22 is two dimensional if M > 1 and one dimensional if M = 1. 8 As we interchange the two particles created by ψ a i , i = 1, 2, we obtain a NA Berry's phase for M > 1. The 2 × 2 matrix describing the NA Berry's phase is found 8 
and the action of ψ 1 (1)ψ † 1 (3) corresponds to a factor A 11 
. After the projection the two resulting electron wave functions are given by A 22 (χ M ) N and (A 11 ) 2 (χ M ) N which describe the same state since A 22 ∝ (A 11 ) 2 . Similar derivations apply to other values of m and m and the physical Hilbert space H mm can be shown to be at most one dimensional for M = 1. This is just the result of the NA CS theory. More detailed discussions of the structures of excitations in the NAF state will appear elsewhere.
We would like to remark that although the gauge field mediate no long range interactions between quasiparticles due to the CS term, the quasiparticles ψ a are not really equivalent to the "free" quarks in absence of the gauge field. This is because the quasiparticles are dressed by NA flux which carries the SU (N ) charge. Thus it is conceivable that when M = 1 the quasiparticles behave like Abelian anyons with no internal degree of freedom, as has been shown in the above discussion. Now let us discuss another fascinating property of the NAF state -the gapless edge excitations 15, 6 in the NAF state. We will follow the discussions in Ref. 6 . First let us ignore the constraint (6) and set a µ = 0 in the mean field theory. In this case the edge excitations are those of the IQH states 15 described by
where λ aα is a fermion field describing the edge excitations of the α-th Landau level of the a-th kind of the partons. The Hilbert space of (9) can be represented 11 as a direct product of the Hilbert spaces of a U (1) Kac-Moody (KM) algebra, 16 a level N SU (M ) KM algebra and a level M SU (N ) KM algebra. This decomposition is a generalization of the spin-charge separation in the 1D Hubbard model. Notice that the total central charge of the above three KM algebras is 1 +
N +M = M N which is equal to the central charge of (9) . The above three KM algebra are generated by currents J µ = eN −1 λ aα † ∂ µ λ aα (the electric current), j I µ = t I αβ λ aα † ∂ µ λ aβ , and J I µ = T I ab λ aα † ∂ µ λ bα , where t I (T I ) are the generators of the SU (M ) (SU (N )) Lie algebra. The currents in the SU (N ) KM algebra are just the currents in (6) which couple to the SU (N ) gauge field a µ . To obtain the physical edge excitations in the electron wave function, we need to do the projection to enforce the constraint (6) . Because of the above decomposition, the projection can be easily done by removing from the Hilbert space of (9) the states associated with the SU (N ) KM algebra. 6 The remaining physical edge states are generated by the The above construction can be easily generalized in a number of directions: A) We may decompose electrons into partons with different electric charge. B) We may choose a different mean field ground state which break the SU (N ) gauge symmetry. Actually A) is a special case of B). 18 The effective CS theory for A) and B) will in general contain several Abelian and NA gauge fields. In particular the FQH states studied in Ref. We would like to argue that the NAF states studied in this paper are generic states and their NA topological orders are robust against small perturbations. A) The NA structures in the NAF states come from the SU (N ) gauge symmetry of the mean field ground state. To destroy the NA topological orders (and the associated NA statistics) we must break the SU (N ) gauge symmetry through the Higges mechanism. This cannot be achieved unless we add finite perturbations. B) All excitations in the NAF have finite energy gap and the interactions between them have finite range. Therefore the NAF states do not have infrared divergences and it is self consistent to assume the interactions between the excitations do not destablize the NAF states. Thus we expect the properties studied in this paper are universal properties of the NAF states which are robust against any small perturbations. The NAF states are a new type of the infrared fixed points and the NA topological orders should appear as a general possibility for the ordering in the ground states of strongly interacting electron systems.
